Improving the effective action by the renormalization group (RG) with several mass scales is an important problem in quantum field theories. A method based on the decoupling theorem was proposed in [1] and systematically improved [2] to take threshold effects into account. In this paper, we apply the method to the Higgs-Yukawa model, including wave-function renormalizations, and to a model with two real scalar fields (ϕ, h). In the Higgs-Yukawa model, even at one-loop level, Feynman diagrams contain propagators with different mass scales and decoupling scales must be chosen appropriately to absorb threshold corrections. On the other hand, in the two-scalar model, the mass matrix of the scalar fields is a function of their field values (ϕ, h) and the resultant running couplings obey different RGEs on a different point of the field space. By solving the RGEs, we can obtain the RG improved effective action in the whole region of the scalar fields. *
Introduction
An effective field theory is a powerful tool to study physics at low energy scale. The standard model (SM) of particle physics is the most successful effective theory in nature that describes physics below TeV scale, from which we can infer physics at higher energy scales. For example, by using the recently observed Higgs boson mass ∼ 125GeV, the running quartic Higgs coupling λ(µ) is shown to decrease as the energy µ increases. It may either cross zero around 10 11 GeV, inducing instability of the vacuum, or may asymptotically vanish around the Planck scale, which indicates a possibility that the SM is safely interpolated up to the Planck scale without instability [3, 4, 5, 6, 7, 8, 9] . The behavior of the running quartic coupling is quite sensitive to the precise values of various SM parameters such as the top quark mass or the Higgs mass itself [10, 11, 12] . The importance of λ(µ) is of course related to the shape of the renormalization group (RG) improved effective potential V (φ) ∼ λ(µ(φ))φ 4 . If there is only a single mass scale φ, we can safely set the renormalization scale µ at µ = φ. However, if there are multiple scales that are different from each other, e.g. M (φ) m(φ), a careful analysis of the effective potential is necessary since a naive choice µ = φ generates a large logarithm log(M/m) 1 in the effective potential. Such a situation particularly arises when the SM is extended to contain multiple scalar fields 1 .
Suppose that we have multiple scalar fields {φ a , a = 1, 2, · · · } and that various particles acquire masses M i ({φ a }) through the vacuum expectation values of these scalar fields. At one-loop level in the mass independent scheme, the effective potential is calculated as
i ({φ a })
where V (0) ({φ a }) is the tree level potential, s i and n i represent the spin and the number of degrees of freedom respectively. M i ({φ a }) are their mass eigenvalues andμ 2 i = µ 2 e C i are the renormalization scales with the scheme dependent constants 2 . If there exists only a single mass scale M (φ), we can eliminate the one-loop terms by choosingμ = M (φ). Such a choice with the RG-improved couplings corresponds to resumming leading-logarithms to all orders in perturbative calculations [13] . In contrast, if there are several mass scales with very different values, e.g. M ({φ a }) m({φ a }), a naive choiceμ = M cannot remove all the large 1 In the SM itself, since the coupling to the Higgs boson determines its mass, light particles are weakly coupled to the Higgs boson and do not contribute much to the Higgs effective potential. Thus, though SM has multiple hierarchical mass scales, we can safely set the renormalization scale µ at the heaviest particle mass, i.e. at the top quark mass; the problem of large logarithms is usually not a big issue. The problem becomes important when we extend the SM to contain additional scalar fields that are coupled to the SM. 2 For instance, in the MS scheme, C i are 3/2, 3/2 and 5/6 for scalars, fermions and gauge bosons respectively. logarithms, and the logarithmic factor such as ln(M ({φ a }) 2 /m({φ a }) 2 ) may invalidate the perturbative calculation. There are two different but related approaches to handle the issue of multi mass scales: multi-scale renormalization [14, 15] and a decoupling method [1, 17] . In the former approach, several independent renormalization scales (µ 1 , µ 2 , · · · ) are introduced hoping thatμ i 's in Eq.(1) might be replaced by µ i 's. If such replacements actually occur, all the logarithms can be absorbed by puttingμ i = M i ({φ a }). However, as discussed in [15, 16] , each RG scale µ i produces a different renormalization group equation (RGE), and it is difficult to solve them keeping the integrability conditions [D i , D j ] = 0. Furthermore the β-functions generically contain logarithms of the ratio of different renormalization scales µ i at higher loops. Thus the perturbative validity will be lost, if there are hierarchical mass scales, e.g. µ i µ j for i = j.
On the other hand, the decoupling method is based on the decoupling theorem in field theories [18, 19] . Below a decoupling scale, massive particles with mass M can be integrated out and their effects are absorbed into the effective couplings and higher dimensional operators in the effective field theory of light particles, whose masses are given by a single mass scale denoted by m. The radiative corrections in the effective field theory are then given by a single type of logarithms ln(m 2 /µ 2 ), and consequently we can improve the effective potential by setting µ = m. The idea is given in [1, 17] and applied to the Higgs-Yukawa model. But in order to avoid large threshold corrections containing ln(M 2 /m 2 ), we need to carefully choose the decoupling scale. A systematic procedure to handle such threshold corrections is proposed by [2] , in which the authors choose the decoupling scale so that the large logarithms ln M 2 /m 2 can be absorbed into the effective couplings. The RGEs are constructed in the whole mass scales interpolating below and beyond the decoupling scale.
In this paper, we first generalize the method [2] to include wave function renormalization in the Higgs-Yukawa model, and then apply it to a two real scalar model of (ϕ, h) with quartic interactions. The mass matix of the scalar fields is a function of (ϕ, h), and the mass eigenstates depends on the field values. Thus in order to obtain the RG improved effective potential V (ϕ, h), we need to use a different RGE on a different point in the field space (ϕ, h). Furthermore, because of the scalar mixing, the β-functions also depend on the field values. Taking these two effects into account, we can obtain the RG improved effective potential for the two-scalar model. In this paper, we assume that the initial scale of the RGEs starts at a very large scale such as the Planck scale. Of course this is not always necessary, but such a choice helps us to understand the behavior of decoupling as we change (decrease) the renormalization scale µ ≤ µ 0 .
The paper is organized as follows. In Section 2, we review and generalize the decoupling method [2] in the Higgs-Yukawa model, including the wave function renormalization. The wave function renormalization is given by a diagram containing both of the scalar and the fermion fields in the loop, and their mass scales are generically different. The decoupling method determines the decoupling scale of each term in the effective action so that there are no threshold corrections to the effective coupling. In Section 3, we study a two real scalar model and explicitly calculate the RG improved effective potential. Section 4 is devoted to summary and discussions.
Higgs-Yukawa model
In this section, we review the decoupling method of the RG improved effective potential proposed by Casas, Clemente and Quirós [2] 3 with a slight generalization to include wave function renormalizations. Let us assume that we have calculated the one-loop effective potential as in Eq.(1). The method adopted by the authors [2] is to replace the ordinary effective potential Eq.(1) by a new one with step functions:
where θ(V
i ) is a step function which is defined to take 1 (and 0) at higher (lower) energy scale ofμ. When the scaleμ is lower than the largest mass in a one-loop diagram, which we denote M i ({φ a }), the one-loop correction is set zero by the step function; thus the decoupling of heavy particles can be systematically taken into account. The effective potential is invariant under the RGE if an appropriate wave function normalization is performed. In solving the RGEs, as we see later, the key identity V δ(V ) = 0 assures absence of further threshold corrections in the low energy effective potential.
In this paper we generalize to consider an effective action in order to study the wave function renormalization as well as renormalization of coupling constants. Suppose we have calculated the effective action;
where S (0) and S (1) {i} are a tree level and one-loop effective actions respectively. The Feynman diagrams generating the one-loop effective action generally contain various different particles in loops, and {i} denotes a set of particles that are contained in the loop. Applying the method [2] , we introduce step functions to incorporate the effect of decouplings;
We have put a prime on the effective action to distinguish it from Eq.(3). Generically S 
If we expanded it with respect to m 2 /M 2 , we would have a simple logarithmic factor log(M 2 /µ 2 ) with a single mass scale of the heavy field. But it would also generate diverging Feynman parameter integrals,
Thus such an expansion is not justified. Since the integral itself (5) is convergent, we treat the loop integral directly without expanding it with respect to 1/M . We will see how to do this explicitly in the Higgs-Yukawa model below.
We now impose the condition that the effective action is invariant under the following RGE;
By solving the RGE (7), we can read the one-loop beta and gamma functions with the decoupling effects of massive particles taken into account. In deriving the RGE, due to the property of S
(1)
{i} ) = 0, derivatives acting on the step functions vanish;
The absence of the δ-function terms in the RGE Eq. (7) indicates that further threshold corrections are not generated in solving the equations. Because of the step functions, the beta and gamma functions jump at the decoupling scales where the step functions jump. It reflects the fact that the threshold corrections in the running couplings are cleverly absorbed in the coupling constants in the low energy effective theory. Such decoupling effects are usually put by hand in the mass independent scheme. The effective action is of course independent of the choice of the renormalization scaleμ, but a convenient one isμ = min{M i ({φ} a )}.
All particles are decoupled below the scale and no further radiative corrections arise. As a result, the RG improved effective potential evaluated at the renormalization scale is given by the form of the tree level potential where the coupling constants are replaced by the running couplings calculated by using the beta functions obtained from Eq. (7). The physical meaning of this result is clear. As long as we concentrate on scale lower than the mass of the lightest particle, all the effects of massive particles are absorbed in the effective couplings in the effective theory.
As a simple example, we will show how the RG improvement based on the beta functions derived from Eq. (7) determines the effective action of the Higgs Yukawa model [1] . The action is given by
where Λ is a cosmological constant term, and we have assumed that the fermion does not have a mass term for simplicity. As in [1] and [2] , we introduce N fermions in order to trace the fermion loops. To calculate the effective action, we expand each field around a classical configuration, φ = φ cl + δφ, ψ = ψ cl + δψ. Then, up to the second order of the fluctuations, the action becomes
where S cl is the classical action, and both of δS 0 and δS int denote terms quadratic in the fluctuations. Particularly, δS 0 represents terms proportional to (δφ) 2 or δψδψ while δS int contains both fluctuations of the boson and the fermion, and thus induces their mixing. Then, by treating δS int as an interaction term, we get the one-loop effective action Γ as
where we defined the one-loop effective action Γ B 1loop [ϕ cl ] for a bosonic background, i.e. ψ cl = ψ cl = 0, by
The total one-loop effective action is then given by
In the following, we simply denote (φ cl , ψ cl ) as (φ, ψ). After straightforward calculations, we obtain the following one-loop effective action in the MS scheme:
Here we definedμ
and
In the calculation we have dropped higher order terms of the derivative expansion. See Appendix for more details of the calculations. Following the general prescription of Eq. (4), we multiply each term of the effective action by the corresponding step function;
where the step functions are given by
Without loss of generality, we can assume M ψ (φ) > 0 in the following. The integrations over the Feynman parameter z in G andG can be explicitly performed, and we can translate θ G and θG into step functions with the decoupling scales, µ G (φ) and µG(φ); The decoupling scales µ G and µG as functions of M ψ (φ). Here, M φ (φ) is fixed to be 10TeV. The decoupling scales are in between the mass scales of a heavy and a light particle and never coincide with the heavier mass scale.
where
In Fig.1 , we plot these decoupling scales as functions of M ψ (φ) where M φ (φ) is fixed to be 10 TeV. They increase as M ψ increases and coincide with M ψ when it is equal to M φ = 10 TeV. For M ψ > M φ the decoupling scales satisfy M ψ > µG > µ G > M φ , and M ψ < µG < µ G < M φ for M ψ < M φ . Note that they are well-behaved in the potentially dangerous limits A → 0, ∞. In the A → ∞ limit,
and in the A → 0 limit,
They do not coincide exactly with M φ (φ) or M ψ (φ) in the M ψ (φ) → 0 or ∞ limit because of the Feynman parameter integral in Eqs. (16)(17): the decoupling scale is a bit smaller than the mass scale of a heavier particle. When one of them is much heavier than the lighter one, the decoupling scale is affected by the presence of the light particle in the loop. Nonetheless the effect is finite. The finiteness is physically natural, but it is not trivial to prove that it is maintained in higher loop corrections. In [2] , it was explicitly shown that the decoupling scales appearing in the effective potential are well-behaved up to two loop order. The fact that a heavy particle is not decoupled at the mass but at a lower energy scale will be important in probing physics beyond the SM. We can now read the one-loop β and γ functions from the RGE Eq. (7);
By solving the running couplings from the above RGEs, we can obtain the improved effective potential. For example, in the region gφ m, as far as λ ∼ g 2 , both of the boson and the fermion have similar scales of mass M φ (φ) ∼ M ψ (φ). Then both of these fields contribute to the RGEs similarly and decouple around the same energy scale. Therefore, the resultant running couplings atμ = M φ (φ) ∼ M ψ (φ) coincide with the ordinary ones that are obtained by solving the usual RGEs without step functions. On the other hand, if gφ m, the scalar field is heavier than the fermion M φ (φ) M ψ (φ) and decouples at M φ (φ). Below this scale we have only the fermionic contributions to the RGE. This behavior is schematically shown in the left panel of Fig.2 . As a result, the tree-level potential
with the result in [1] . As shown in Eqs. (24)- (28), the beta and gamma functions are discontinuous at the decoupling scales. Thus the couplings obey different RGEs in each region. However, it can be straightforwardly shown that these seemingly different RGEs describe the same equation and are related by a change of variables. If gφ ≤ m and M 2 ψ (φ) < M 2 φ (φ) is satisfied, the boson is decoupled at higher energy scale and we can expand the bosonic part of the one-loop potential in Eq.(15) with respect to φ/m. Then various parameters in the action are modified
For simplicity, let us assume that the bosonic contributions to the RGEs are all decoupled at the same scale M φ ∼ µ G ∼ µG, and denote the beta functions in Eqs. (24)-(28) belowμ < M φ (but above M ψ ) as β λ with a prime and those aboveμ > M φ > M ψ as β λ without a prime. Then, by using Eqs.(30)-(33), the differential operator D defined in Eq. (7) is shown [1] to be identical with the new differential operator D ;
More generally, when we distinguish the several decoupling scales, we have seemingly different differential operators (D, D , D , · · · ) in each interval between the decoupling scales. But they all describe the same RGE by the same reasoning above. 4 Note that, in this naive choice of the decoupling scaleμ = m, we have finite threshold corrections to the coupling constants, e.g. δg = g 3 /16π 2 . On the other hand, in our present method, because we define the decoupling scales by the scales where the one-loop corrections vanish, there are no threshold corrections. For example, for the Yukawa term, after the field redefinition (1 + g 3 G/16π 2 ) 1/2 ψ → ψ, the one-loop correction can be rewritten as
which corresponds to the modified coupling constant g = g + g The above construction of the improved action is quite general and can be applicable to any field theory with arbitrary number of mass scales. In a theory with only one scalar field, the structure of the improvement is almost the same as the above Higgs-Yukawa model: Introduce step functions in the RGEs and evaluate running couplings atμ = min(M i (φ)). This gives the RG improved effective action including the threshold corrections. But the construction becomes practically involved in models with multi scalar fields because (i) mass eigenvalues generally depend on several scalar fields and (ii) scalar mixing couplings generate the non-polynomial terms in the effective potential. In the following, we consider a two real scalar model as another example. Such a model is phenomenologically well motivated and it will be important to obtain the RG improved effective action in the whole region of the field values of the two scalars.
Two real scalar model
In this section, we calculate the RG improved effective potential of a two real scalar model based on the method presented in the previous section. Since there are no wave function renormalization at one-loop order, we can concentrate on the effective potential. The action is given by
In the following, we denote the tree level potential as V (0) . In the MS scheme, the one-loop effective potential is calculated as
In this model, there is no mixture of different particles in a single one-loop diagram and the decoupling scales are simply given by the mass scale of the heavy particle. But there is another complication. As mentioned at the end of the previous section, the effective potential contains a non-polynomial term of the scalar field values throughM and we need to expand it to obtain polynomial potentials. The one-loop beta functions can be read from the condition that the effective action should be independent on the renormalization scale;
Here we have used the fact that the gamma functions vanish at the one-loop order in the present model. From Eq.(36), the µ-derivative of V (1) is given by
where β
κ are ordinary one-loop beta functions,
If two mass scales M 2 ± are equal, the second term in Eq.(41) vanishes and we get the ordinary beta functions β = β (1) for = λ ϕ , λ h , κ. But if there is a hierarchy between these two mass scales, we need to take the effect of M + = M − in the calculation of the RG improved effective action. By expanding the non-polynomial termM and inserting Eq.(41) into Eq. (40), we can obtain the beta functions β in which the decoupling effects are automatically taken into account.
Before considering a generic case of κ = 0, let us first study the κ = 0 case. In this case, there is no scalar mixing and the masses are simply given by
Thus we have
Then, by inserting it into Eq.(40), the beta functions are given by 
The ratio of V (ϕ)/V ordinary (ϕ) is plotted as a function of ϕ/µ 0 in the case of κ = 0. As the initial boundary condition, we set λ ϕ (µ 0 ) = 0.3. This corresponds to the decoupling scale ϕ dec /µ 0 2.6. We can see that V (ϕ) coincides with V ordinary (ϕ) for ϕ < ϕ 0 , but it becomes different when ϕ > ϕ 0 and the particle is decoupled from the RGE at ϕ 0 .
If we choose the renormalization scale as
we obtain the RG improved effective potential;
The running couplings are evaluated by using Eq.(45). This result agrees with the ordinary RG improved potential, but the RGE itself is different. In the present case, the coupling constants remain at their initial values in the region µ 0 ≤ M ϕ(h) because of the step functions in Eq.(45). In Fig.3 , we plot V (ϕ, 0)/V ordinary (ϕ) where V ordinary (ϕ) is the ordinary improved potential without a step function in β λ . In this figure, we use λ ϕ (µ 0 ) = 0.3 as the boundary condition of λ ϕ . Then the step function becomes θ(μ − 0.3/2ϕ) and the decoupling scaleμ = µ 0 is given by ϕ dec /µ 0 2.6. Of course these two effective potentials coincide for ϕ < ϕ dec . Thus, as long as we take a very high scale Λ such as the Planck scale as an initial scale of RGEs, the present method correctly reproduces the usual improvement in the low energy region M ϕ (ϕ) Λ ∼ M pl .
We now consider a generic case of κ = 0. We first expandM 2 in Eq.(40) as a function of ϕ and h in order to obtain the beta functions. It is similar to the (φ/m) 2 expansion in the Higgs-Yukawa model which is valid when the condition φ 2 m 2 is satisfied. In the present case, expansions ofM 2 should be different in different regions of (ϕ, h). For example, in a region satisfying ϕ h, we can expandM 2 with respect to (h/ϕ) 2 . More generally, if we are interested in the effective potential around the following classical configuration (r = 0),
we can separate field variables into large and small components by defining new variables as
where 0 ≤ θ ≤ π/2. Without loss of generality, we can assume that both of the field values (ϕ, h) or (X, Y ) are positive. For the classical configuration Eq.(48), X 2 cl = r 2 and Y 2 cl = 0 are satisfied. Thus, around the classical solution, X 2 is the large component and we can safely expandM with respect to Y 2 /X 2 . Substituting ϕ 2 = ϕ 2 (X 2 , Y 2 ) and h 2 = h 2 (X 2 , Y 2 ) intõ M 2 and expanding it with respect to Y 2 /X 2 , we obtaiñ
up to O(Y 4 /X 2 ). Using Eq.(49) and inserting it back to Eq.(41), we obtain the beta functions around the classical solution Eq.(48); In Fig.4 , we show the second terms in the beta functions as functions of θ, normalized by the first terms, i.e. the ordinary beta functions Eq.(42). As we saw in Fig.4 , the effect can be sizable if there is a large hierarchy between the two mass scales. For example, suppose |κ| 1 and θ ∼ 0 for simplicity. Along the direction θ = 0, we have Note that, when r becomes sufficiently large so that M − is larger than µ 0 , all the couplings stop running because all the particles are decoupled. By using these running couplings, the improved effective potential is given by
In the lower panel in Fig.5 , we show a result of our numerical calculation. Here, θ is fixed to be zero and the potential is normalized by its tree-level one without any improvement. As we mentioned before, this ratio becomes one in the region M − ≥ µ 0 because all the particles decouple and there is no running effects. By changing r and θ, one can obtain the improved effective potential in the whole region of (ϕ, h), and it is shown in Fig.6 . Here, the left (right) panel corresponds to the κ > 0 (< 0) case.
Summary and Discussions
In this paper, we studied RG improvement of the effective action of a Higgs-Yukawa model and a two real scalar model based on the decoupling approach [2] . In this approach, the RGEs can automatically take into account decouplings of massive particles and their threshold corrections by introducing appropriately chosen step functions. In models with multiple scalar fields, the mass matrix is a function of field values, and decoupling scales of heavy particles depend on them. As a result, we need to use a different RGE on each point of the field space. Furthermore, because of the scalar mixing, the effective potential generally has non-polynomial terms. By expanding them, we also get field-dependent β-functions. Taking these effects into account, we have obtained the RG improved effective potential for the two real scalar model. If there is a large hierarchy between multiple mass scales, the effect might be sizable. We also investigated decoupling scales when various fields with different masses simultaneously exchange in a loop diagram. A simple example is the one-loop wave function renormalization in the Higgs-Yukawa model. Since both of heavy and light fields contribute to the diagrams, the decoupling scales are given by neither of their masses but complicated combinations of them. We now comment on an extension of the method to higher loop corrections. In [2] , the authors proposed a generalization to 2-loop diagrams and showed that the decoupling scales are well-behaved in potentially dangerous limits where multiple mass scales have infinitely large hierarchy M i /M j → 0 or ∞. A key identity here is f (x)Dθ(f (x)) = f (x)δ(f (x))Df (x) ≡ 0, where D is the operator defined in Eq. (7) . Suppose that the model has a loop expansion parameter g 2 . Then the effective action is written up to n-th loop as
where S (0) is the classical action and S (k) are k-th loop contributions to the effective action which can be further decomposed as
Here O denotes both of differences of operators, namely (∂ϕ) 2 , ϕ 2 , ϕ 4 etc. and differences of Feynman diagrams. p = 1 terms determines the beta and gamma functions. Namely the invariance of the effective action Γ under a change of renormalization scale µ relates (g ) k (log µ) p terms for p > 1 with the p = 1 terms. In order to define the effective action with step functions as in (4), it is necessary to respect the relations between various different terms. One possibility will be to introduce a different step function in each diagram with p = 1 as we did in the Higgs-Yukawa model for one-loop calculations, and determine the step functions for p > 1 terms so as to respect the RG relations, but since the logarithmic structures of higher loop diagrams are complicated, more detailed studies will be necessary. We leave it for future investigations. This prescription is slightly different from the 2-loop prescription proposed by [2] . In their prescription, logarithmic terms are expanded with respect to 1/M where M is the largest mass scale in the model. Here the question is whether we can reduce various logarithms including multiple mass scales such as log[(zM 2 + (1 − z)m 2 )/µ 2 ] into those with a single mass, log(M 2 /µ 2 ). As we saw in the Higgs-Yukawa model, in order to avoid divergences of Feynman parameter integrals, we need to treat logarithmic factors in loop integrals without using an expansion with respect to 1/M . Thus the decoupling scales are not simply given by a single heavy mass, but a complicated combination of various masses. In the case of µ G and µG in Eq.(19) of the Higgs-Yukawa model, they are in between the heavy and the light mass scales and monotonically increase as the heavy mass becomes larger as in Fig.1 . They are also well-behaved in the potentially dangerous limit; A = M ψ /M φ → 0, ∞. These behaviors are also expected to hold even for higher loop effects. We want to come back to these problems in future.
